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A mathematical model for semibatch pH-shift reactive crystallization of L-glutamic acid is developed that takes into
account the effects of protonation and deprotonation in the species balance of glutamic acid, crystal size distribution,
polymorphic crystallization, and nonideal solution properties. The crystallization mechanisms of a- and b-forms of glu-
tamic acid are addressed by considering primary and secondary nucleation, size-dependent growth rate, and mixing
effects on nucleation. The kinetic parameters are estimated by Bayesian inference from batch experimental data col-
lected from literature. Probability distributions of the estimated parameters in addition to their point estimates are
obtained by Markov Chain Monte Carlo simulation. The first-principles model is observed in good agreement with the
experimental data and can be further used for model predictions in robust control strategies. VC 2014 American Institute

of Chemical Engineers AIChE J, 60: 2828–2838, 2014
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Introduction

Crystallization is a separation and purification process
widely used in fine chemical, pharmaceutical, and food
industries, where high purity is one of the main requirements
of the crystalline products. In addition to molecular purity,
control of polymorphic purity, crystal size distribution
(CSD), and enantiomeric purity are of increasing interest.
The crystallization of small-volume and high-value-added
products are usually operated in batch or semibatch mode.1,2

The supersaturation defined as the difference between the
solute concentration and solute solubility is usually treated as
the driving force for crystallization processes.3 Three common
ways to generate supersaturation are by cooling, antisolvent
addition, and chemical reaction. In cooling and antisolvent
crystallization, supersaturation results from reducing the solute
solubility to be lower than the solute concentration by decreas-
ing the solution temperature and adding antisolvent to the solu-
tion, respectively. For reactive crystallization, supersaturation
is created from increasing the solute concentration above the
solute solubility by generating more solute through reaction.

In semibatch pH-shift reactive crystallization, acid or base
solution is continuously pumped into the crystallizer, which is
initially filled with saturated solution, to induce chemical reac-
tions that transform a high soluble solute into a less soluble
solute which then precipitates from the supersaturated solution.
Although pH-shift reactive crystallization is commonly used in
industrial practice for producing amphoteric compounds, such

as amino acids, mathematical modeling of this process remains
largely open in the literature.4,5 The most sophisticated mathe-
matical model for a pH-shift reactive crystallization that has
been published is that of Borissova et al.,6 which used L-glu-
tamic acid as a model compound. Their model assumed ideal
solution properties and a simple empirical power-law kinetic
mechanism and did not include polymorphic crystallization
phenomena and mixing effects. Here, we develop a more com-
prehensive mathematical model for pH-shift reactive crystalli-
zation that includes these phenomena.

The advantages of using Bayesian estimation over the
weighted least squares for parameter estimation are well
documented in the literature over the years, including in
chemical reactions,7 heat transfer in packed beds,8 microbial
systems,9–11 microelectronics processes,12 and polymorphic
crystallization.13 Here, Bayesian inference is used to quantify
uncertainties in the estimates of parameters in the mathemat-
ical model developed in this article.

This article is organized as follows. The next section
describes the development of a mathematical model for
semibatch pH-shift reactive crystallization process using L-
glutamic acid as a model compound. This is followed by the
brief introduction of Bayesian inference for model parameter
estimation. The results of model parameters estimation
obtained using experimental data from literature are dis-
cussed, followed by the conclusions.

Mathematical Model

Species balance model

For the model compound of L-glutamic acid, the dissolu-
tion of monosodium glutamate (MSG) in pure water due to
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protonation and deprotonation mechanism can be represented
by6

Glu11 $ Glu aqð Þ1 H1; Ka156:20 3 1023 (1)

Glu aqð Þ $ Glu 121 H1; Ka254:57 3 1025 (2)

Glu12 $ Glu 221 H1; Ka352:14 3 10210 (3)

Glu ðaq Þ $
Ksp

Glu ðsolid Þ (4)

where Glu11 is the protonated form with an overall charge
of 11; Glu12 is the deprotonated form with an overall
charge of 21, viz., MSG; Glu22 is the fully deprotonated
form with an overall charge of 22; Glu(aq) and Glu(solid) are
the GA zwitterion with an overall charge of zero in aqueous
solution and solid, respectively; Kai (i 5 1, 2, 3) are the
respective equilibrium constants; and Ksp is the solubility
product for GA.14 The four solute-related species can coexist in
the solution, which change their respective concentrations or
fractions in solution with varying pH, as shown in Figure 1.

In the experimental system of Ref. 15, the crystallizer was
initially filled with MSG solution and then sulfuric acid was
continuously pumped into the crystallizer, which produced
glutamic acid according to the overall reaction

Na -Glu 1
1

2
H2SO 4 $ H-Glu 1

1

2
Na 2SO 4 (5)

With continuous addition of the sulfuric acid, decreasing
the pH of the solution favors the conversion of sodium gluta-
mate into glutamic acid. However, due to the protonation/
deprotonation as indicated in reactions (1)–(3), glutamic acid
will be further protonated. For any particular value of the pH
within the range of operation, there are always at least two
species in the solution as shown in Figure 1.

It is assumed that the species balance for glutamic acid in
solution will reach dynamic equilibrium instantaneously
when sulfuric acid is added into the crystallizer.6 For the
various species in solution, only the zwitterion glutamic acid
precipitates because of its lowest intrinsic solubility. Either
or both of two polymorphic forms of glutamic acid, namely,
metastable a-form and stable b-form, can nucleate or grow
competitively in solution depending on the solution concen-
tration. As the b-form is more stable, a solution-mediated

polymorphic transformation (SMPT) from metastable a-form
to the stable b-form takes place, when C�b < C < C�a, as15*

a-Glu solidð Þ������!Dissolution
Glu aqð Þ (6)

Glu aqð Þ��������!Crystallization
b-Glu solidð Þ (7)

with the intrinsic solubility of two polymorphs given by

C�a57:431022 mol =L (8)

C�b55:631022 mol =L (9)

The dissociations of sulfuric acid and the autoprotolysis of
water are also considered

H2SO 4ðaq Þ ! HSO 2
4 1H1 (10)

HSO 2
4 $ SO 22

4 1H1; Kas 50:0105 (11)

H2O$ H11OH 2; Kw51 3 10214 (12)

The solution during crystallization conditions has suffi-
cient water that H2SO 4 rapidly dissociates with subsequent
formation of HSO 2

4 . Furthermore, the activity-based equilib-
rium constant Ka5KcKc, where Kc is the concentration-based
equilibrium constant and Kc is computed by activity coeffi-
cients, is employed to deal with the nonideal solution proper-
ties, which is less restrictive compared to Ref. 6 where ideal
solution was assumed. The activity coefficient of electrically
neutral glutamic acid, Glu aqð Þ, is assumed to be one. The
activity coefficients, ci, for other ions are calculated based
on the modified Bates–Guggenheim equation with parameter
values A 5 1.175 and B 5 0.1515

ln ci52Az2
i

ffiffiffiffi
Ic

p

111:5
ffiffiffiffi
Ic

p 1BIc (13)

where Ic and z denote the ion strength and ion charge,
respectively.

Population balance model

The crystal size distribution is an important concern in indus-
trial manufacturing, due to its effect on product performance
and on downstream processing, such as washing, filtering, dry-
ing, and milling.6 During crystallization, the size distribution
can be affected by many factors, such as nucleation, the size
distribution of crystal seeds, growth dispersion, breakage, attri-
tion, agglomeration, polymorphism, and changes in morphology.

For a perfectly mixed batch crystallizer, in which it is
assumed that (a) crystal nuclei are of negligible size, (b) crystal
breakage and agglomeration are negligible, and (c) the crystal
shape is uniform, the crystal size distribution can be expressed
as the distribution of the number of crystals over the size range,
as characterized by the population balance equation

@ðniðL; tÞVÞ
@t

1
@ GiðSi; LÞniðL; tÞVð Þ

@L
50; i5a; b (14)

where L is the characteristic length of the i polymorphic
form of glutamic acid, m; ni is the number density† of the i
polymorphic form, #/m4; V is the solution volume, m3; and

Figure 1. Mole fractions of different ionic species in
the solution as a function of pH.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

*The mathematical model implements SMPT as two kinetic steps, which are the
dissolution of a-form and the growth of b-form, which are given in the following
subsection.

†The number density is the number of crystals of i polymorphic form per unit vol-
ume in between size L and L1dL.
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Gi is the growth rate of the i polymorphic form, m/s.
Because the solution volume of a semibatch crystallizer is
time varying, it is convenient to redefine the number density
on the basis of the total operating volume of the system such
that6,16

fi5niV (15)

@fi

@t
1
@ Gifið Þ
@L

50 (16)

where fi is the number density over the total solution vol-
ume, #/m, and the boundary conditions are

fi L; 0ð Þ5
0; for an unseeded crystallization

fseed ;i Lð Þ; for a seeded crystallization

(

(17)

fi 0; tð Þ5fi;in (18)

where fseed ;i Lð Þ is the size distribution of crystal seeds for
the i polymorphic form and fi;in is the population density of
nuclei for the i polymorphic form at size zero, which can be
obtained from

fi;in 5
BiV

Gi
(19)

where Bi is the nucleation rate of the i polymorphic form, #/
(m3/s).

Based on the crystal size distribution, the average length,
total number, surface, volume, and mass of the crystals can
be computed from the nth moments of the size distribution

li;n5

ð1
0

LnfidL; n50; 1; 2; 3; . . . (20)

where li;0 is the total number of crystals for the i polymor-
phic form in the crystallizer, li;1 is the total length, li;1=li;0

is the number-averaged length, li;2 is proportional to the
total surface area, and li;3 is proportional to the total volume
of the crystals.

The total concentration of the various glutamic ions,
CT;Glu , links the species balance and population balance
models together

CT;Glu 5CGlu 22 1CGlu 121CGluðaqÞ1CGlu 11 (21)

CT;Glu 5
C0

T;Glu V0

V
2

qakva la;32l0
a;3

� �
1qbkvb lb;32l0

b;3

� �
MWGlu V

(22)

where C0
T;Glu is the initial total concentration of various glu-

tamic species, V0 is the initial solution volume, qi is the den-
sity of glutamic acid of the i polymorphic form, kvi is the
volumetric shape factor of the i polymorphic form, l0

i;3 is the
initial 3rd moment of the i polymorphic form, and MW Glu

is the molecular weight of glutamic acid.

Crystallization mechanisms and kinetics

The crystallization mechanism includes nucleation and
crystal growth, which are both driven by supersaturation. In
this context, for a highly saturated solution during a pH-shift
reactive crystallization, it is appropriate to use the relative
supersaturation definition17–19

Si5
C

C�i
; i5a;b (23)

This study considers both primary and secondary nuclea-
tion of a- and b-forms and the effect of mixing intensity, I,
is also taken into account in the nucleation. Furthermore, the
effect of a-form crystals on the secondary nucleation of b-
form crystals was also considered, to take into account that
b-form crystals can nucleate from the surface of a-form crys-
tals.13 The growth and nucleation expressions are assumed to
have similar dependencies on supersaturation as reported in
past studies,20,21 with a length-dependent term included in
the crystal growth kinetic expression. The expressions for
the crystallization kinetics are:

a-form crystallization kinetics when Sa > 1

Ba5kb;a1ðln SaÞba;1 exp 2
Eb;a2

ðln SaÞ2

 !
Iba;2

1kb;a2mba;3
a ðln SaÞba;4 Iba;5 (24)

kb;a15kb;a0exp 2
Eb;a1

RT

� �
(25)

Ga5kg;a1 ln Sað Þga;1 exp 2
Eg;a2

ln Sa

� �
exp 2

L

La;0

� �
(26)

kg;a15kg;a0exp 2
Eg;a1

RT

� �
(27)

b-form crystallization kinetics when Sb > 1

Bb5kb;b1ðln SbÞbb;1 exp 2
Eb;b2

ðln SbÞ2

 !
Ibb;2

1 kb;b2m
bb;3
a 1kb;b3m

bb;4

b

� �
ðln SbÞbb;5 Ibb;6 (28)

kb;b15kb;b0exp 2
Eb;b1

RT

� �
(29)

Gb5kg;b1 ln Sb

� 	gb;1 exp 2
Eg;b2

ln Sb

� �
exp 2

L

Lb;0

� �
(30)

kg;b15kg;b0exp 2
Eg;b1

RT

� �
(31)

where mi is the mass concentration of the i polymorphic
form of glutamic acid in the solution, kg/m3; Li,0 is the criti-
cal characteristic length of the i polymorphic form, m; R is
the universal gas constant, 8.314 J/mol/K; and T is the tem-
perature, K.

The mixing intensity is calculated by22

I5
NpD5

imp N3
s

V
(32)

where Np is the power number for the stirrer type, Dimp is
the impeller diameter, m, and Ns is the stirring rate, s21.

Finally, when the solute concentration is below the solu-
bility of the a-form glutamic acid, the polymorphic transfor-
mation from the a- to b-form may occur through SMPT.
Then, it is necessary to consider the dissolution of the a-
form in the kinetic scheme, which is given as13,22

Ga5kd;a Sa21ð Þ; Sa � 1 (33)

where kd;a is the dissolution rate constant. The dissolution of
b-form is avoided after the crystallization occurs, and so is
not considered in this study.
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Numerical solution

The mathematical model combining all the above equa-
tions consists of partial differential equations (PDEs), ordi-
nary differential equations (ODEs), and nonlinear algebraic
equations that need to be solved simultaneously. To obtain
the crystal size distribution of both polymorphs, numerical
techniques that reduce the PDEs into ODEs by discretiza-
tion of the length axis are common choices. The high-
resolution finite-volume method with second-order accu-
racy and flux-limiting functions23 was used here. The char-
acteristic crystal length L was first discretized as shown in
Figure 2, which is the same as in the standard finite-
volume method. The equations obtained after discretization
are23–25

if GL1
i � 0

if i50 : Gfð Þ1=25Gin fin ;0

if i51: Gfð Þ3=25G3=2

f11f2

2

� �

if i5N : Gfð ÞN11=25GN11=2 fN1
fN2fN21

2

� �

else : Gfð ÞL1
i
5GL1

i
fi1

1

2
u c1

i

� 	
fi2fi21ð Þ


 �

c1
i 5

fi112fi1e
fi2fi211e

; e51310210

dfi

dt
1

Gfð ÞL1
i
2 Gfð ÞL2

i

L1
i 2L2

i

50

else

if i50 : Gfð Þ1=25G1=2 f11
f12f2

2


 �

if i5N21 : Gfð ÞN21=25GN21=2

fN1fN21

2

if i5N : Gfð ÞN11=25Gin fin; N

else : Gfð ÞL1
i
5GL1

i
fi111

1

2
u c1

i

� 	
fi112fi12ð Þ


 �

c1
i 5

fi2fi111e
fi112fi121e

; e51310210

dfi

dt
1

Gfð ÞL2
i
2 Gfð ÞL1

i

L2
i 2L1

i

50

end

where u c1
i

� 	
5max 0;min 2c1

i ; min
1

3
1

2

3
c1

i ; 2

� 
� 
� 

:

Using the MATLAB ODE solver ode45, these ODEs were
solved simultaneously with the conservation equations

dV

dt
5F (34)

dCT;Glu

dt
52

CT;Glu

V

dV

dt
(35)

dCNa 1

dt
52

CNa 1

V

dV

dt
(36)

dCT;S

dt
52

CT;S

V

dV

dt
1

C0;SF

V
(37)

CT;S 5CHSO2
4

1 CSO 22
4

(38)

where F is the acid addition flow rate, m3/s; CNa 1 is the
concentration of sodium ion, mol/m3; CT;S is the total
concentration of sulfuric related ions, mol/m3; and C0;S is
the concentration of sulfuric acid added into the system,
mol/m3.

Bayesian Inference

The parameters in the first-principles model in the last
section were determined by Bayesian estimation. A brief
summary of Bayesian inference is provided here; for a thor-
ough discussion, readers are referred to the literature.13,26–28

The main idea of Bayesian inference lies in Bayes’ rule

Pr hjyð Þ5 Pr yjhð ÞPr hð Þ
Pr yð Þ (39)

where h is a vector of unknown parameters and y is a vec-
tor of the observations, such as measurements of state vari-
ables at different time points, to be used to infer h. Pr hð Þ
is the prior distribution of h, Pr yjhð Þ is referred as the sam-
pling distribution for fixed parameters h and is also
referred to as the likelihood function L hjyð Þ when the data
y are known and the parameters h are unknown. Pr hjyð Þ is
referred as the Bayesian posterior distribution of h and Pr
yð Þ acts as a normalizing constant to ensure that the Bayes-

ian posterior integrates to unity, which is often neglected
as it does not affect the shape of the posterior distribution
of h.

When the model structure is assumed correct and the mea-
surement noise is distributed normally with zero mean and
unknown variance, then the likelihood function can be char-
acterized as follows13

L hjyð Þ5L hsys ; rjy
� 	

5
YNm

j51

YNdj

k51

Pr yjkjhsys ; r
� 	

5
YNm

j51

YNdj

k51

1ffiffiffiffiffiffi
2p
p

rj

exp 2
yjk2ŷjk hsys

� 	� �2

2r2
j

0
B@

1
CA

5
1YNm

j51

ffiffiffiffiffiffi
2p
p

rj

� 	Ndj

exp 2
XNm

j51

XNdj

k51

yjk2ŷjk hsys

� 	� �2

2r2
j

0
B@

1
CA

(40)

where h5 hsys ; r
� �T

is the vector of parameters of interest,
which consists of the system/model (hsys) and noise (r)
parameters, yjk and ŷjk are the measurement and predicted
value of the jth variable at sampling instance k, respectively,
Nm is the number of measured variables, Ndj

is the number
of time samples of the jth variable, and rj is the standard
deviation of the measurement noise in the jth variable. This
likelihood function assumes that the measurement noises are
independent.

Figure 2. Cell-centered finite-volume grid.
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Table 1. Summary of Experimental Data
27,30

No. Reagent Concentration (M) Mixing Intensity (rpm) Impeller Type Measurement Data

E1 0.75 250 Six flat blade disk turbine pH value �
Glutamic acid concentration �
Polymorphic mass fraction �
Crystal size distribution �

E2 0.75 500 Six flat blade disk turbine pH value �
Glutamic acid concentration �
Polymorphic mass fraction �
Crystal size distribution �

E3 1.00 250 Six pitched blade turbine pH value �
Glutamic acid concentration �
Polymorphic mass fraction �
Crystal size distribution �

E4 1.00 500 Six pitched blade turbine pH value �
Glutamic acid concentration �
Polymorphic mass fraction �
Crystal size distribution �

E5 1.25 250 Six flat blade disk turbine pH value �
Glutamic acid concentration �
Polymorphic mass fraction �
Crystal size distribution �

E6 1.25 500 Six pitched blade turbine pH value �
Glutamic acid concentration �
Polymorphic mass fraction �
Crystal size distribution �

E7 1.50 250 Six flat blade disk turbine pH value �
Glutamic acid concentration �
Polymorphic mass fraction �
Crystal size distribution �

E8 1.50 500 Six pitched blade turbine pH value �
Glutamic acid concentration �
Polymorphic mass fraction �
Crystal size distribution �

Due to the fact that feeding up would cause imperfect mixing, which was inconsistent with the assumption of perfect mixing in the model, this article only con-
siders datasets that used feeding down.
�: Data available.
�: Data unavailable.

Table 2. Estimated Model Parameters

Parameter Mean Mode 95% Credible Interval

a nucleation kb;a1 9.83 3 1010 9.92 3 1010 (7.20, 12.31) 3 1010

ba;1 5.21 3 1021 5.01 3 1021 (3.78, 6.75) 3 1021

Eb;a2 1.04 3 101 1.04 3 101 (0.90, 1.22) 3 101

ba;2 9.59 3 1021 9.73 3 1021 (7.78, 11.40) 3 1021

kb;a2 6.99 3 107 6.74 3 107 (5.28, 9.03) 3 107

ba;3 9.81 3 1021 9.18 3 1021 (7.37, 12.40) 3 1021

ba;4 4.93 3 1021 4.96 3 1021 (3.43, 6.25) 3 1021

ba;5 9.64 3 1021 9.96 3 1021 (6.90, 11.72) 3 1021

a growth kg;a1 9.68 3 1027 9.94 3 1027 (7.43, 11.58) 3 1027

ga;1 4.93 3 1021 5.16 3 1021 (3.46, 6.16) 3 1021

Eg;a2 8.27 3 1021 8.64 3 1021 (5.43, 10.18) 3 1021

La;0 10.14 3 1024 9.91 3 1024 (7.32, 12.95) 3 1024

b nucleation kb;b1 5.03 3 1014 4.86 3 1014 (3.80, 6.30) 3 1014

bb;1 5.30 3 100 4.75 3 100 (4.05, 6.91) 3 100

Eb;b2 3.09 3 101 3.10 3 101 (2.68, 3.63) 3 101

bb;2 1.01 3 100 1.02 3 100 (0.81, 1.20) 3 100

kb;b2 7.39 3 107 7.15 3 107 (5.62, 9.53) 3 107

bb;3 9.75 3 1021 9.32 3 1021 (7.61, 11.79) 3 1021

kb;b3 7.63 3 107 7.46 3 107 (6.09, 9.90) 3 107

bb;4 9.52 3 1021 9.20 3 1021 (7.29, 11.68) 3 1021

bb;5 9.81 3 1021 9.71 3 1021 (7.22, 12.25) 3 1021

bb;6 10.02 3 1021 9.60 3 1021 (7.16, 13.13) 3 1021

b growth kg;b1 1.14 3 1027 1.10 3 1027 (0.93, 1.40) 3 1027

gb;1 2.69 3 100 2.58 3 100 (1.97, 3.53) 3 100

Eg;b2 8.70 3 1021 8.81 3 1021 (6.67, 10.61) 3 1021

Lb;0 2.71 3 1024 2.77 3 1024 (1.74, 3.49) 3 1024

Power number NP
a 6.28 3 1021 6.04 3 1021 (5.11, 7.84) 3 1021

NP
b 5.68 3 1021 5.84 3 1021 (4.00, 6.89) 3 1021

Raman corrections mRaman 5.08 3 1021 5.12 3 1021 (3.63, 6.55) 3 1021

Measurement noise rpH 2.02 3 1021 1.99 3 1021 (1.61, 2.46) 3 1021

rATR-FTIR 1.78 3 1022 1.78 3 1022 (1.39, 2.27) 3 1022

rRaman 1.04 3 1021 1.05 3 1021 (0.84, 1.29) 3 1021

rCSD 1.46 3 1023 1.41 3 1023 (1.11, 1.96) 3 1023

aSix pitched blade turbine.
bSix flat blade disk turbine.
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An informative prior distribution Pr(h) that specifies the min-

imum and maximum possible values of h is used in this study

Pr hð Þ /
1 if hmin � h � hmax

0 otherwise ;

(
(41)

which means that all values of h between hmin and hmax have
equal probability.

The product of the likelihood L hjyð Þ and prior distribution
Pr(h) specifies the Bayesian posterior, which is the joint

probability distribution for all parameters after data have

been observed. Once the Bayesian posterior is defined, Mar-

kov Chain Monte Carlo (MCMC) integration28 was applied

to compute the mean, mode, and credible intervals (aka
Bayesian confidence intervals) associated with each of the

parameters in an efficient manner.
The Markov chain is a sequence of random variables

h0, h1,. . ., drawn from approximate distributions and then
corrected to better approximate the Bayesian posterior dis-
tribution, for which, for any s, the distribution of hs11 given
all previous hs depends only on the most recent value, hs.
During application, several parallel chains can be drawn.
Parameters from each chain c, hc;s, s 5 1, 2, 3,. . ., are pro-
duced by starting at some point hc;0 and then, for each step

Figure 3. The marginal distributions of parameters obtained for a-form nucleation kinetics.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Figure 4. Comparison between the model predictions
and experimental measurements for the glu-
tamic acid concentration in Experiment E3
(solid line: model predictions; circles: experi-
mental data from Ref. 30).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 5. Comparison between the model predictions
and experimental measurements for the
crystal size distribution (lines: model predic-
tions; markers: experimental data from Ref.
30; E1: solid line and circle: E2: dashed line
and square).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 6. Comparisons between model predictions and experimental measurements for the a-form polymorphic
mass fraction (solid lines: model predictions; circles: experimental data from Ref. 30).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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s, drawing hc;s11 from a jumping distribution Ts hc;s11jhc;s
� 	

that depends on the previous draw, hc;s. The jumping
probability distributions must be constructed so that the
Markov chain converges to the target posterior distribution.
Here, the combination of differential evolution with MCMC

was adopted to construct the Markov chains.29 For moni-
toring the convergence of the chains, potential scale
reduction factors (R̂i) were adopted to monitor the con-
vergence of the Markov chains,28 which are calculated
from

Figure 7. Comparisons between model predictions and experimental measurement for the solution pH (solid lines:
model predictions; circles: experimental data from Ref. 30).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 8. Validation results for the a-form polymorphic mass fraction (solid lines: model predictions; circles: exper-
imental data from Ref. 30).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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where hc;s
i is the simulation draws of parameter i from step

chain c at step s, Bi and Wi are the between- and within-
sequence variances of parameter i, respectively, m is the num-
ber of parallel chains, with each chain of length n. When R̂i

is near 1 for all hi, then the simulation is stopped and the
probability distribution of each parameter can be observed by
plotting the Markov chains in histograms, and the mean,
mode, and credible intervals can be calculated accordingly.

Results and Discussion

Experimental data

The model parameters in the mathematical model of the
previous sections were fit to some of the experimental data
reported in the literature,30 with the remaining data used for
model validation. Other physical parameters for glutamic
acid crystallization could be found in the literature.13 For
ease of reference, the experimental procedure conducted in
the previous work30 is briefly summarized here.

The precipitation experiments were performed in a 1-L
jacketed crystallizer equipped with a thermostat and an over-
head stirrer. The experiments were carried out in semibatch
mode starting from 650 mL of initial solution of MSG in the
crystallizer. During the precipitation, 320 mL of sulfuric acid
solution with the same molarity as MSG was pumped into
the crystallizer at a fixed flow rate of 8 mL/min. All experi-

ments were carried out at 25�C, and were monitored in situ
using a pH meter, attenuated total reflection Fourier trans-
form infrared (ATR-FTIR) spectroscopy, and a Raman
immersion probe. The ATR-FTIR and Raman probes were
used to measure the glutamic acid concentration and poly-
morphic mass fraction of the a-form, respectively, through-
out the batch. The size distribution of product crystals was
determined at the end of each batch. Large fluctuations in
the reported Raman measurement were observed for the first
half of the batch, and the Raman measurement could be
influenced by the size or the amount of crystals present in
the solution. As a result, the fluctuated data were not used
for parameter estimation. To achieve good fitting for the pol-
ymorphic purity experimental data, a mass concentration cor-
rection term, mRaman , kg/m3, was used to calculate the
a-form polymorphic mass fraction, Fm,a

Fm;a5
ma

ma1mb1mRaman

(49)

There were eight sets of experimental data as summarized
in Table 1, where six experiments (E1–E3 and E6–E8) were
used to estimate the model parameters by Bayesian inference
and the data from the remaining two experiments (E4 and
E5) were used for validation.

Parameter estimation

There are 29 model parameters to be estimated, which
include 26 kinetic parameters, two power numbers for the
impellers, and the aforementioned Raman correction term.
Besides, four additional measurement noise parameters for
pH, ATR-FTIR, Raman measurement, and crystal size distri-
bution were also estimated (see Table 2). As all the experi-
ments were conducted at constant temperature, the estimated
kinetic parameters in crystallization mechanism (25), (27),
(29), and (31) were kb;a1; kg;a1; kb;b1; and kg;b1 instead. Table 2
shows the mean, mode, and 95% credible intervals of the
estimated parameters obtained by Bayesian inference. For
the sake of limited space, only the marginal probability dis-
tributions of the estimated parameters for the a-form nuclea-
tion kinetics are shown in Figure 3. These distributions can
be incorporated into model predictive control and other
control algorithms that have been designed to be robust to
stochastic parameter uncertainties.31

The initial parameters for the Markov chains were first
obtained by minimizing the weighted difference between the
experimental measurements yjk and model predictions ŷjk

Figure 9. Validation results for the solution pH (solid lines: model predictions; circles: experimental data from Ref. 30).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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where wq is a weighting factor that is the inverse of an esti-
mate of the error variance r2

j . Initially, rj was set to the
standard deviation of the actual measurement. A set of
parameters were then estimated by solving the optimization
problem (50). The standard deviations for the errors in the
jth measured variable were estimated and used as rj to itera-
tively solve the parameter estimation optimization until no
significant difference between the given and estimated stand-
ard deviations was detected.32

Figures 4–7 compare model predictions, using the mode
estimates of the parameters in Table 2, with the experimental
data used in fitting the model parameters. For the glutamic
acid concentration measurement given in Experiment E3 in
Figure 4, the solute concentration reflects the combined
effects of the solute generation, dilution, and lumped deple-
tion due to the nucleation and growth of the a and b poly-
morphs. The steep decrease of the solute concentration after
1000 s is in correspondence to the sharp increase of the a-
form polymorph mass fraction in Figure 6 (E3) and the
increase in pH for a short period of time displayed in Figure
7 (E3). In addition, dome-shaped concentration profiles as
seen in Figure 4 and similar CSD results as observed in
Experiments E1 and E2 of Figure 5 were observed in the
other experiments. The change in the stirring rate from 250
to 500 rpm resulted in stronger secondary nucleation in
Experiment E2 than E1, as indicated in nucleation kinetics
(24) and (28), which made the crystal size distribution shift
to the smaller size range, as shown in Figure 5. Similar
results were obtained for the other experiments that had high
stirring rate.

As in Figure 5, the predicted CSDs are bimodal, whereas
the experimental CSD are unimodal. The small peek of the
predicted crystal size distribution at less than 100 mm for E2
in Figure 5 is too small to be observable within the accuracy
of a CSD measurement. For E1, the first peek of the pre-
dicted crystal size distribution occurs at about 100 mm. The
particle size distributions were experimentally determined by
Ref. 30 after the crystals were filtered and dried,33 and the
images in Figure 4 of Ref. 30 show a population of much
smaller crystals adhered to the surface of larger crystals, but
such a smaller population of crystals does not appear in the
experimental CSD data in Figure 10 of Ref. 30 that were
used in this study and partly shown in Figure 5. Smaller
crystals often have a tendency to stick to the surface of
larger crystals, which would cause any small crystals associ-
ated with the first peak in the CSD to show up in the meas-
ured CSD of Ref. 30 as parts of larger crystals.§ Such a
systematic experimental bias in the CSD measurements
would explain both why our mathematical model predicts a
higher amount of small crystals than reported in the CSDs in
Ref. 30 and predicts a smaller amount of the largest crystals
than reported in the CSDs in Ref. 30. Potential biases in
measured crystal size distributions are well established in the
literature.34–36

Although only one solute concentration profile in Experi-
ment E3 was used in parameter estimation, this limitation in
the data could be compensated by the use of pH measure-

ment as pH is tightly coupled to the glutamic acid concentra-
tion in the range of pH in the experiments, which is clear
from Figure 1 and reactions (1)–(3).

Model validation

With the mode estimates of the parameters in Table 2,
validation of the developed model using the datasets from
Experiments E4 and E5 are provided in Figures 8 and 9. The
data from Experiments E4 and E5 were not used in the
above parameter estimation, and the experimental conditions
are different from Experiments E3 and E6 in the stirring rate
and impeller type used, respectively. The a-form mass frac-
tion in Experiments E4 and E5 have a high degree of fluctu-
ation in the first half of the batch which is why Eq. 49 used
to alleviate this data limitation. The rather precise pH meas-
urements in both experiments are very well predicted by the
model (see Figure 9). The good agreement of the validation
results shown in Figures 8 and 9 provides some confidence
that the first-principles model of pH-shift reactive crystalliza-
tion can be used in process control studies, as long as the
control systems are designed to be reasonably robust to
model uncertainties.

Conclusions

A mathematical model is developed for the semibatch pH-
shift reactive crystallization of L-glutamic acid, taking into
account the species balance of the glutamic-related ions,
nonideal solution properties, polymorphic crystallization
kinetics, mixing effects, and population balances of the sol-
ute crystals. For the population balance model, a finite-
volume method is used to reduce the PDEs into a set of
ODEs that are then solved together with the nonlinear alge-
braic equations for the species balances. Experimental data
from literature are used to estimate the model parameters
using Bayesian inference. The agreement between the exper-
imental data and the predicted outputs of the resulting math-
ematical model is sufficiently good to justify the use of the
model in process control studies.
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